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Abstract. In this paper we deal with a strongly ill-posed second-order degen- 
erate paraboUc problem in the unbounded open set O X C IR*^+^, related 
to a linear equation with unbounded coefficients, with no initial condition, but 
endowed with the usual Dirichlet condition on (0,T) X d{Q X 0) and an addi- 
tional condition involving the I'-normal derivative on F X 0, F being an open 
subset of Q. 

The task of this paper is twofold: determining sufficient conditions on our 
data implying the uniqueness of the solution u to the boundary value problem 
as well as determining a pair of metrics with respect of which u depends 
continuously on the data. 

The results obtained for the parabolic problem are then applied to a similar 
problem for a convolution integrodifferential linear parabolic equation. 



1. Introduction 

In the second half of the last century a lot of interest, due to the rushing on 
of Technology, was devoted to Inverse Problems, a branch of which consists just 
of strongly ill-posed problems, where strongly means that no transformation can 
be found in order to change such problems to well-posed ones, at least, say, when 
working in classical or Sobolev function spaces of finite order. 

Assume that you are dealing with the evolution of the temperature u involving a 
body Lo occupying a (possibly) unbounded domain in R*^+^, and assume that you 
cannot measure the temperature u inside w, but you can perform only measurements 
on the boundary of uj. So, you have no initial condition at your disposal, but only 
several boundary measurements of temperature, flux and so on. This makes the 
parabolic problem strongly ill-posed. The basic questions which arise in this case 
are the following: 

(i) may the solution to this problem be unique? 

(ii) in this case may the solution depend continuously on the boundary data? 

(iii) if this is possible, which are the allowed metrics? 

This paper is devoted to shed some light on degenerate parabolic problems of that 
kind on (possibly) unbounded domains uj = H. x 0, where C K.^^ and C are 
two smooth open sets, the first being bounded, while the latter is unbounded. More 
precisely, we consider operators A, defined on smooth functions : x — )■ M by 

M 

N 

+ X! ^j" y) + ^^{x, y)C{x, y), 
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for any {x,y) G f2 x 0. We assume that the function a nowhere vanishes in Q. Any- 
way operator A is degenerate since its leading part contains second-order derivatives 
computed only with respect to the variables xi, . . . ,xn- 

We will be concerned mainly with the questions of uniqueness and continuous 
dependence on the data (two fundamental topics for people working in Applied 
Mathematics) of the nonhomogeneous linear parabolic equation associated with 
the operator A in (0,r) x f2 x 0, with no initial conditions. The lack of the 
initial conditions is replaced by the requirement that the "temperature" u should 
assume prescribed values on (0,r) x d{ft x 0), while the x-normal derivative of u 
should assume prescribed values on an open subsurface (0, T) x F x of the lateral 
boundary (0,T) xdrtxO. 

The fundamental tool to give some positive answer to our problem are new 
Carleman estimates that fits our case. Following the ideas in [T71 Theorem 3.4], we 
will construct suitable Carleman inequalities related to an unbounded open set. 

We then show that our technique can be adapted to deal also with some degen- 
erate integrodifferential parabolic boundary value problems and with some class of 
degenerate semilinear boundary value problems. 

Carleman estimates, entering many applications in Control theory (see e.g., 
[22l l34] ) and in unique continuation theorems (see e.g., [26j) have shown to be a 
powerful tool in studying inverse and ill-posed problems for partial differential equa- 
tions. Starting from the pioneering works in the eighties by Bukhgeim and Klibanov 
(see [SI HZl HH] and also the monographs ^ [30] and the survey papers [151 HH]), 
Carleman estimates have been used to solve identification problems, mainly in 
bounded domains, associated with nondegenerate differential operators. We quote, 
e.g., [3 H E E di 121 [331 139]. On the contrary, to the best of our knowledge, 
Carleman estimates have not been extensively used so far in the analysis of inverse 
problems in unbounded domains. We are aware only of the papers |15[ I16j . In [15] 
Carleman estimates have been used to uniquely recover the unknown function c in 
a Cauchy problem for the Schrodinger equation 



related to a strip of M^, from the knowledge of the normal derivative of the time 
derivative of q on on the upper boundary of the strip. More recently, in 16 the 
authors have considered the more general form of the Schrodinger equation 



and they have shown that the knowledge of the normal derivative of the second- 
order time derivative of the solution on the same part of the boundary of the strip 
as in [15', allows for recovering the two functions a and b. Both in and in [16| a 
nondegeneracy condition is assumed on the elliptic part of the operator. Moreover, 
the coefficients are assumed to be at least bounded. 

Similarly, Carleman estimates for degenerate parabolic problems seem to have 
not been so far widely used to solve inverse problems. We are aware of the papers 
[m [3S1 inni ISI] . in [H [3S] Carleman estimates are used to recover the unknown 
function g entering the degenerate one-dimensional heat equation 



i-j +div(cVg) = 0, 



i-^ + aAq + bq = Q, 




related to the spatial domain (0, 1), and where a G [0, 2). 
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In [Sni 133 such estimates are used to solve an identification problem for a bound- 
ary value problem associated with the heat equation 

du 

in a boundary open set containing 0, with no initial condition and is a positive 
constant not larger than the optimal constant in Hardy's inequality. The Carleman 
estimates obtained by the author extends similar estimates obtained in [20l |38] . 

On the other hand, Carleman estimates for degenerate parabolic equations have 
been more widely used in Control Theory, but mainly associated to one-dimensional 
parabohc operators (we quote e.g., [H [SI [TUl HH HH [131 HI] and the reference 
therein) . 

At present, we are not aware of other papers where Carleman estimates are 
proved for degenerate parabolic operators with unbounded coefficients, which are 
related to an unbounded spatial domain. 

The plan of the paper is the following: in Section[2|we exactly state the ill-posed 
degenerate differential problem, while in Section[3]we prove two theorems involving 
Carleman estimates for our problem, implying the uniqueness of our solution. Sec- 
tion [4] is devoted to finding a continuous dependence result for the solution to our 
problem in the usual space L^(r2 x 0). Finally, in Section [5] we extend our results 
to both to a convolution integrodifferential equation (see Subsection 15. ip and to a 
class of semilinear equations (see Subsection [57 



Notations. Throughout the paper we denote by ||/||oo the sup- norm of a given 
bounded function /. If / G C^{^) for some fc e N and some bounded domain Vl C 
M*^, we denote by ||/||fe,oo the Euclidean norm of /, i.e., ||/||fc,oo = Y.\a\<k ll-D"/||oo- 
The same notation is used to denote the iy'^'°°-norm of a function a. 

Given a square matrix S, we denote by ||i3|| its Euclidean norm. 

Typically, the function spaces that we consider consist of real-valued functions 
but in Sections [2] and [4j and in the first part of Section [3j where we need complex- 
valued functions for our integrodifferential application. In this case we use the 
subscript "C" to denote function spaces consisting of complex-valued functions. 

The inner product in will be denoted by The L^-Euclidean norm, and 
the associated scalar product are denoted, respectively, by || • II2 and (■, ■)2- 

2. Statement of the ill-posed problem concerning a degenerate 
parabolic operator in 17 x 

Let r2 C M*^ and C be two open sets of classes and , respectively, the 
first being bounded, the latter unbounded. In particular, also — R^ is allowed. 

For any fixed T > 0, we consider the following problem: look for a function 
u e iJi((0,T);L^(r2x O))nL2((0,r); J{2(17x 0)) satisfying the following boundary 
value problem: 

Dtu{t, X, y) = (^Wx{a{x)S/xu{t, x, y)) + c{x, y) ■ Vxu{t, x, y) + bQ{x, y)u{t, x, y) 
+b{y) ■ Vyu{t, X, y) + g{t, x, y), 

it,x,y)e [0,T]xnxO^:QT, 
u{t, X, y) = h{t, X, y), {t, X, y) G [0, T] x d^n x 0), 

D,u{t, X, y) ^ D,h{t, X, y), {t, x, y) G [0, T] x F x 0. 

(2.1) 

Here, d^{fl x 0) — {dQ x 0)U (fi x 90), F is an open subset of dil, v — v{x) denotes 
the outward normal unit-vector at x G F and 

"K^iSl X 0) = {z e Hl(Sl X 0) : \b\\V yz\ G ^^(^ ^ 0)}. 
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The hypotheses on the coefBcients a, bo, b, c and the data g and h are hsted here 
below. 

Hypothesis 2.1. The following conditions are satisfied. 

(i) a e W'^'°"{fl) and there exists a positive constant oq such that \a{x)\ > oq for 
any x S fi; 

(ii) 60 G L^(^ X 0); 

(iii) b = (61, . . . ,6^) e (<or(0))'^ and divfe e L°°(0); 

(iv) c=(ci,...,CM)e(i^(r!xO))A^- 

(v) g € L2 (Q^); 

(vi) h e H^{{0,T);Ll{n X 0)) n L2((0, T); J{2 (f] x 0)). 

Performing the translation v — u — h, we can change our problem to one with 
vanishing boundary value data: look for a function v G H^{{0,T); L'^{n x 0)) H 
L^((0, T); JC^(r2 X 0)) satisfying the boundary value problem 

Dtv{t, X, y) = divj;(a(x)V^i;(i, x, y)) + c{x, y) ■ Vxv{t, x, y) 

+b{y) ■ Vyv{t, X, y) + 6o(x, y)v{t, x, y) + g{t, x, y), 
< {t,x,y)eQT, 

v{t, X, y) = 0, (t, X, y) G [0, T] x d^Q x 0), 

D^v{t,x,y) ^0, it,x,y) e[0,T]xTxO, 

(2.2) 

where 

9{t,x,y) =g{t,x,y) - Dth{t,x,y) + diva:(a(x)Wxh{t,x,y)) +c{x,y) ■ Vxh{t,x,y) 
+ Ky) ■ ^yh(t> 2;, y) + bo{x, y)h{t, x, y), (2.3) 
for any (t, x, y) e {0,T) x Q x 0. 

Remark 2.2. If function a is strictly positive, then the differential equation in 
(|2.2p is forward degenerate parabolic, while if function a is strictly negative, then 
the differential equation in (|2.2p is backward parabolic. However, in the present case 
this is not a trouble at all. Indeed, introducing the new unknown 

v{t, X, y) = v{-t, X, y), {t, x, y) G [0, T] x f7 x 0, 

it is immediate to check that v solves the problem (|2.2p with a{x), b{y), c{x,y), 
bo{x, y), g{t, X, y) being replaced, respectively, by ~a(a;), -b{y), -c(x, y), -bo(x, y), 
—g{—t, X, y), i.e., v solves a problem with a differential forward degenerate parabolic 
equation. 

3. Carleman estimates for the ill-posed problem (12. ip 

In view of Remark 12.21 in this section we assume that function a is strictly 
positive, i.e., a{x) > ao > for any x £VL. 

In order to obtain a Carleman estimate related to the domain 51 x we need 
a weight function, defined on 17, with special properties. The existence of such 
a function is proved by extending [521 Lemma 1.1] to the C'^-case and then ^51 
Lemma 2.3]. This can be done without a great efforts. For this reasons, the details 
are left to the reader. 

Lemma 3.1. There exists a function ip G C'^{fl) with the following properties: 

(i) -0 is positive in Q; 

(ii) |V:E'0(a;)| > for any x G fl; 

(iii) D^ipix) < for any xedn\r. 
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For any p > 1 we set 

^P^^' ^) = ^pTTT^ ' ^) ^ ^) ^ (3.1) 

and, for simplicity, in the rest of this section we set £{t) = t{T — t). 

In the foUowing lemma we list some crucial estimate of the function Lpp that we 
need in the proof of the Carleman estimates. 

Lemma 3.2. For any x € fi, 

lim ip„(t,x) = lim ip„(t,x) — +oo. 

Further, let a denote the positive infimum of the function \Vx'<P\- Then, the follow- 
ing pointwise inequalities hold true: 

< (3.2) 

ap 

\DtVp\ < Je^^'ll'^'ll- iV.^pp < l^e^""'^"- |V.(p,|^ (3.3) 

lA'^pl<^e2''"'^ll-|V.^pP, (3.4) 

IAV.^pI < £^|V,^p|3, (3.5) 

< (IIV-IU.oo + «||V^||i.oo) |V,(pp|3, (3.6) 

|-Da:ia;,a:fcVpl < (llV'lU.oo + 3a||V'||2.oo + | V"!! l,oo) IV^^f/^pP 

- Ifc3 (ll^'lls.- + 3«IIV^Il2,co + a'll^||i,oo) |V,(pp|3, (3.7) 
/or anyi,j,k = 1,...,M. 

Proof. The proof of p.2p is straightforward. We limit ourselves to proving p.3p . 
p.6p and p.7p . the other estimates being completely similar to prove. 
Since 

eSpll^Mloo _ QPi' 
Dt^p{t,-) = {t-2T) , t&{0,T), 

we can estimate, using p.2p . 

for any t G {0,T), which gives the first inequality in (13.31) since p> 1. 

To prove the second inequality in p.3p it suffices to use again p.2p and the 
estimate ||£||oo < to obtain 

^e^^'ll'^ll-lV.^pP = ^e^^WII-M^lv.^pP < Zle^Pll'AIUlV.^pp. 

£(t) 4a'^ 

Let us finally prove the first inequalities in p.6p and p.7p , the other two inequal- 
ities in (13. 6p and p.7p then follow from these ones and (13. 2p . For this purpose we 
observe that 
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Hence, 



I a'^p'^ ap t 

I 



(^^IV.Vl'e^'"^) 11^-112,00 + ^^||^||l,oo|V,^p| 



< 2 

a'^p 

< ^||^||2,oo|V,^p|2 + --|jV;||i,o,|V,(ppp. 



The first estimate in p.6p follows at once. 
Similarly, one has 

Dx.xjXkfp = ^[DxiXjXki' + p{Dx,x,i'Dx^^ + D^.^^ifiD^.tp + D^^^^ipD^^ip) 
Hence, arguing as above, one gets 



\DxiXjXk fp\ <^||V'l|3,ooe'"^ + 3p||^/'|l2,oo|V,(pp|+p2||Vj|li,^|V,V-||V,^p| 

„2 



+ ||^||i,oo(^|V,7/;|e'"^)p£|V,^p| 

rp2 ^rp2 rp2 

<^||V'l|3,oo|V,V5p|' + ^||V'l|2,oo|V,^p|2 + _p||^||,_^|V,(^p|2. 

□ 

The main result of this section is the following theorem. 

Theorem 3.3 (Carleman estimates). There exist two positive constants Xq = 
Ao(ao, II f^ll 2,00 I II ^0 II CXD , ||div6|| ll'0l|3,oo,a,r), po = po(ao, ||a||i,oo, HV-'Ib.oo, a) 

for which the following estimate holds for all A > Aq and all v G H^{{0, T); L'^{^ x 
0))nL2((o,T);Jf^(r! xR^)).- 

/ (A|V,(^pJ|V,wp + A3|V,</Jpj3i,2)e2^Vpo dtdxdy < 64 / ITt-pe^^'^'-o dtdxdy. 

JQt JQt 

(3.8) 

Here, = Dtv — drvxio-'^ xv) — b ■ VyW — c • — bov. 

Corollary 3.4. Suppose that g and h vanish in Qt- If u is a solution to problem 
(HH) in Qt, then u^O. 

Proof. If g = = in Qt, then 5 in Qt- Estimate (|3.8p yields i> = in Qt- 
This, in turn, implies, via the equality v ^ u — h, u ~ m Qt, so that the principle 
of unique continuation holds for the solution to problem (|2.ip . □ 



The proof of Theorem 13.31 is a consequence of the following theorem for real- 
valued functions and the principal part of operator CP. 

Theorem 3.5 (Carleman estimates in a simplified case). Two positive constants 
Xq = Xo{ao, ||a||2,oo, ||div5||oo, \\^p\\3,oo,a,T) and po = po(ao, ||a||i,oo, HV'Ib.oo, a) ex- 
ist such that 

32 f 

(A|V,(^pJ|V,t.|2 + A^|V,</.p„pi;2-)g2A^,„d^d^dy < / \'p^y\2e''^v,o dtdxdy, 

«5 JQt 

(3.9) 
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for all V e H^{{0,T);L^{n x 0)) H L^{{0,T);3<^{n x 0)) and all A > Aq. Here, 
Tov — Dtv — divxiaVxv) — b ■ VyV. 

Proof of Theorem^ Fix v G H\{0,T);Ll{n x 0)) H L2((0, T); x 0)). 

Then, vi = Rew and V2 = Imv belong to the space H^{{0,T); L'^{Q x 0)) n 
i^((0, T); IK^(ri X 0)). Consequently, both vi and V2 satisfy estimate (|3.9p . where 
u is replaced with vj, j — 1,2. Since the coefficients of the operator 7q are all real- 
valued functions, jlPofp = jJ'oi^iP + |J'o''^2p- Therefore, summing the Carleman 
estimates for vi and V2, we get p.9p for v. 

To show that v satisfies p.8p , we take advantage of the elementary inequalities 

and of (|3.2[) , with p = pQ, implying 



Jqt 

j |V,^pJ|V,z;pe2^'^™dMa;d2/ 
Pa Jqt 



'Q 

2^6 



2 

oo 



Choose now 



A> ||c||L, A3>^||6o||L 

apQ a-^pf, 

Then, (|3.8p holds with Aq being defined by 

16T2„ „, 



L apn apn ) 



Xq — max ■ 

apn " apo ' 



□ 



Proof of Theorem 13.51 Let Wp : Qt — M be the function defined by 

Wpit,x,y)=v{t,x,y)e^'^^^'-^^\ (i, x, y) e (0, T) x x 0, (3.10) 

depending on the positive parameters A and p. According to the definitions of 
ipp we easily deduce that Wp has the same degree of smoothness as v. Moreover, 
ll'W'pC^) ■)ll-f/2(f2xO) 8.nd Wp{t,x,y) tend to as i — > 0+ and t — > T^, the latter one 
for any (x, y) S f2 x 0. 

For almost all the proof, to avoid cumbersome notation, we simply write w and 
ip instead of Wp and Lpp. 

Define the linear operator £a by 

Lxw ^ e^'^y^iwe-^'^). (3.11) 

After some computations we can split Lx into the sum Lx — x + (-^Ta ~ ^ ' ^y)' 
where 

2 

= -diva;(aVa;w) - X{Dt(p + Xa\Vx'p\'^)w =: ^ '^i^A.fe^' (3-12) 

k=l 

3 

'Cj^ = Dtw + 2AaV2,<y9 • + X{aAxip + V^eA • 'Vx^)w —: -^j^a fc^- (3-13) 

fc=i 

Clearly, 

||£aw||2 = W'C'tx'^Wl + W^i.x''" - b ■ ^y'«ll2 + '^{''^ix'^'' ^ ^ ■ ^y^h 
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> \\L+^w\\l + 2{L+^w,Ll^w)2-2{Z+^w,b-Vyw)2. (3.14) 

To rewrite the terms {L^ -f^WjL^ ■)^w)2 and {L^ -j^Wjb-X/ yw)2 in a more convenient 
way, we perform several integrations by parts. 

As the rest of the proof is rather long, we split it into five steps and, for notational 

convenience, wc set 

3^{w) = / \Vx(p\^w'^dtdxdy, 32{w) = / \S/xf\\Vxw\'^dtdxdy. (3.15) 

JQt JQt 

Moreover, we denote by Cj positive constants which depend only on the quantities 
in brackets. 

Step 1: the term 2{L^-^w,L^^w)2- We split this term into the sum of the 
addenda (■^^^A,i^''^M,j^)2 (^ = 1,2, j = 1,2,3). 

Wc claim that {•C'l ^ i^, 1^)2 = 0. To prove the claim, we need to integrate 
by parts. For this purpose, we approximate function v by a sequence {v„} C 
if^((0, T); L^{0; {n)r\H^ (ft))) , converging to v in L^{Qt), together with its first- 
order time derivative and first- and second-order spatial derivatives with respect 
to X. Set Wn = e^'^Vn and observe that, integrating by parts with respect to the 
variable t and recalling that, for any n e N, ti;„ = on (0, T) x dCl x and 
VxWnit, •, •) tends to in {L'^{d x 0))^ as i ^ 0+ and t T~, we easily see that 

/ dWx{aVxWn)Dt'Wndtdxdy = - aV xW ■ DtV xWndtdxdy 

JQt JQt 

= I aDt\VxWn\'^dtdxdy 

^ JQt 

=0. 

Letting n — )• +00 gives 

/ divxiO'^xw)Dt'wdtdxdy = 0. 

JQt 

As far as the term j^'-^Ta 1^)2 is concerned, we observe that 

2('^i'a 2^' '^ix 1^)2 = ~2A / {Dfip + Xa\V xy^\^)wDtW dtdxdy 

JQt 

= -\ f {Dtif + \a\Vx^\^)Dt{w^)dtdxdy 

JQt 

= X w'^{D'^ip + XaDt\yx^\'^)dtdxdy. 
JQt 

Computing the terms 2(£^^ ^w,L^ ^ 2^)2 is much trickier. Integrating twice by 

parts, we can write 



2('^^A i^i'^i A 2^)2 = ~ / aD^w{a\7x^ ■ ^xw)dtda{x)dy 

J{0,T)xdnxO 

+ 2A / a^Vx^-'^xi\'^xw\'^)dtdxdy 

JQt 

. M 

-I-4A / a ^ Dxj{aDxkip){Dx^wDxjW)dtdxdy 

JQt j^k=l 

= — 4A / aD^w{aS/ x^ ■ ^ xw)dtda{x)dy 

J(0.T)xdnxO 



(o,T)xanxo 

2 7-1 ,„IV7 „..|2, 



2A / a''D^ip\Vxw\^dtda{x)dy 
'(o,T)xaaxo 
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— 2A / divxia^^ x'p)\'^ xw\^dtdxdy 
Jqt 

+ 4A / a{y ■ xw)(y x'-P ■ xw)dtdxdy 
Jqt 

. M 

+ 4A / y] Dx^DxMDx,wDx^w)dtdxdy. (3.16) 

To rewrite the integrals on (0,T) x dil x 0, we observe that, since w = on 
(0,T) X on X 0, V^w = D^wu on (0,r) x dfl x 0. Therefore, V^tp • V^w = 
pt~^eP^ D^TpDyW on the same set. Moreover, VxW = on (0, T) x F x and 
D^ip = pg-'^eP'^D^t/j < on (0,T) x {dfl \ T) x 0. We can thus write 



— AX aDyw{d^ x'^ ■ xw)dtda{x)dy 

J(o,T)xaoxo 

--ApX [ ^\D,yj\iD,wyeP^dtdaix)dy (3.17) 

J (o.T)x(dn\r)xo * 



and 



2A / D^yipl"^ xw\'^dtda{x)dy 

^(0,T)x9SlxO 

2pA / —\D^tP\{D^w)^eP'''dtda{x)dy. (3.18) 



i{o,T)x(dn\r)xo 
From (jXTC)) . ((XT71) and (|5t5)) we get 

■,2 



2(£+;^,u;,£-;^2U.)2 =2pA / ^\D,^\\D,w\^eP^dtdaix)dy 

J{o,T)x(dn\r)xo <- 

-2a/ divj,(a^Va;(^)|Va;U;pdMa;dy 

+ 4A / aCVajfl • V:ew)(V2;(/3 • Va;?i')dMa;d?/ 
» A/ 

+ 4A / V £i:r,£'^,(^(L'a;fcW£'a;,u')dtdxd2/. 

Further, straightforward integrations by parts, where we take into account that 
w vanishes on (0,r) x 951 x 0, show that 

2(£^^ j^w, 31(7)2 =2A / a(aA2,<y5 + Vajfl • Va;(^)|Va;WpdMxdy 

Jqt 

+ 2\ aw\/xU! ■'^x{aAxip + '^x<i ■^xf)dtdxdy 
Jqt 

and 

2('^^A 2'"^''^rA 2^)2 = - 2A^ / a(DtLp + Xa\'Vx'p\'^)'\^xf ■'^x{w'^)dtdxdy 

~2X^ I w'^dYVx[0'{Dt'^ + Xa\\7 x'p\^)'^ x'^\'dtdxdy 
Jqt 

=2A^ / w'^{Dtip + Xa\\i'x'f\'^)divx{a\/xf)dtdxdy 
Jqt 

+ 2A^ / w'^aVx^p -yxiDtip + Xa\Vx^\^)dtdxdy. 
Jqt 
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Finally, we have 

^(■^i'a 2'"^''^rA 3^)2 = -2A^ / w'^{Dt(p + Xa\Vx^f)divx{aVx^)dtdxdy. 

JQt 

Summing the previous formulas we get 

2{L+^w,L~yw)2=\i 'Ki{if)w^dtdxdy + \^ j 'K2{a,tfi)vP'dtdxdy 
JQt Jqt 

+ :K3{a,ip)w^dtdxdy + 2XX{a,^,w) 

Jqt 

r 

+ 2pX —\D,^lj\{D,wfeP'l'dtda{x)dy, (3.19) 

i(o,T)x(an\r)xo ^ 

where 

J{i((p)=I)2^, (3.20) 
5{2(a, <p) = 4:aV^Dtip ■ W^ip, (3.21) 
5{3(a, V) = 2a|Vx¥'|^Vxa • Vxf/J + 2a'^'^^ip ■ Vx(|VxV>n, (3.22) 

X{a,ip,'w) = — / (aVxCi • Vx<p)|Vxty|^dMa;dy 
Jqt 

+ 2 / aCS/ xCi ■ 'V xUi){'V xf ■ ^ xUj)dtdxdy 



. M 

+ 2 / ^ DxjDx^(f{Dx^wDxjW)dtdxdy 

+ / awWxW ■'Vx{a^x^ + ^xO--VxV)dtdxdy (3.23) 
Siep ^; the term —2{£,^^w,b- Vy'w)2- Since 

(aVxw) ■ Vx{b ■ ^yw) = ^ab ■ Vy\Vxw\'^, 

recalling that w = on [0, T] x 9*(r2 x 0) implies VxW = on [0, T] x x 90 and 
VyW = on [0,T] X dQ x 0, an integration by parts shows that 

—2{L^^w,b-'Vyw)2=2 / diVx{aV xw){b ■ \/yw)dtdxdy 

JQt 

+ 2X {Dtip + Xa\VxVf)w{b-Vyw)dtdxdy 

JQt 

= - ab-Vy{\Vxwf)dtdxdy 

JQt 

-X {div b){Dt(p + Xa\Vx'pf)w'^dtdxdy 

JQt 

= / a{divb)\\7xw\^dtdxdy 

JQt 

-X {divb){Dt'fi + Xa\Vxvf)w'^dtdxdy. (3.24) 

JQt 
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Summing up, from formulae p.l4p . p.l9p and p.24p . we obtain the foUowing 
estimate from befow for the norm of Lxw: 

\\Lxw\\l>di{w) + \\L+^w\\l (3.25) 

where 

A) + A / Jii {b, ip)w^ dMxdy 



and 



+ X j 'K2{a,h,Lp)w^ dtdxAy + I 'K:i{a,Lp)w^ AtAxdy 

Jqt 



?ri(6,(^) = Jfi((^)-(div&)A<^, (3.26) 

^2{a,b,ip) ^5{2ia,ip) -a{dwb)\V^ip\^, (3.27) 

^3ia,^)^^3{a,ip), (3.28) 

%ia,b,ip,w,X) ^2\X{a,f,w) + aidivb)\V:,w\'^dtdxdy. (3.29) 



Step 3: estimate o/3i(w). As a first step, taking advantage of the formula 



we obtain (of. p.ip 

M M 

j,k=i j,k=i 

2 

M 

=|V,Vr'|V.(^| Y D.^D^MD 

+ /^eP^(VV'-Vu;)2 

> - — ||V'||2,oo|V^^||Vwp, 
a 

where a is the infimum of the function over f2. Since 
\aSI^{al\^<^ + V^a ■ V ^<^)\ <||a||oo ^V^||a||i,oo|A^(^| + ||a||oo| V:,A^(p| 

M \ 

+ Af||a||2,oo|V,^| +A/3/2||a||i^^ ^ |Aj<^| 

ij = l / 

<Ci(||a||2,oo, ||V'||3,oo,P,a,T)|Vj;V3p, 

where we used p.2p and the first inequalities in p.6p and (13. 7L we can estimate 
(using Holder inequality) 

2A / awVj^w • Va;(aA^(p + Va;a • Va;(/3)dMxdy 

JQt 

> — 2A / |w||V2;?i;||aV2;(aAa;(y9 + V^a • V2:iy9)|dMxdt/ 

JQt 

> - 2Ci(||a||2,oo, ||^||3,oo,P,a,r) / (A3/4|V,^|3/2|«;|)(Ai/*|V,(p|i/2|v,«;|)dMxdy 
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> - Ci(||a||2.oo, 11^-113,00, P, a, r)A3/2jiH - Ci(||a||2,oo, Uh,oo. P.a,T)\^'^:i2{w), 
where and 32(w) are defined in p.lSp . Wc conclude that 

2A3C(a,v5,w) >-Ci(||a||2,oo,||V'l|3,oo,P,a,r)A3/2ji(u;) 

- (^2(110111,00, ||V'l|2,oo,a)A + Ci(||a||2,oo, ||V'||3,oo,P,Q!,r)A^/^ 'J2{w). 

Moreover, from p.2p . and recalling that p> 1, we get 



a(div h)\\/ xw\^ dtdxAy 



<||a||oo||div6|| 



I VxU'pdMa;dy 



<:;— ||a||oo||div6||oo32(w)- 
4a 



Therefore, it follows that 

5C(a, &, ^, V^w, A) > - Ci(||a||2,oo, ||V'||3,oo, P, r)A3/2ji(«;) 

- (^2(110111,00, ||'(/'l|2,oo,a)A + Ci(||a||2,oo, ||V'||3,oo,P,a,r)A^/^ 



+ 1— ||a||oo|!div6||oo 32(w). 
4a J 



(3.30) 



We now consider the terms containing 5fi(&, 1^9), 'K2{a^h,ip) and ^{3(0, 93) (cf. 

From ([S3), the second inequality in and definitions 

p.20p - p.23p ). we deduce the pointwise inequalities 

|5fi (6,(^)1 < C3(||div6|U,P,a,T)|V,(^|3, (3.31) 

|5f2(a,&,¥')l < C4(||a||oo,||div6||oo,«,r)|V,(^|3, (3.32) 

where we have used the condition p > 1, and (recalling that iVj^V-'l 2i ct) 

^{3(0, ¥>) ^2a\V -^a ■ \/^(p + 2a^\/^^ ■ 

=2a|V,^P(V,a • V,(p) + 2a2p3rWV,V ' V^dV^VH 

+ 4a2/^"'e3'"^|V,VI^ 
>4a2ap|V,^|3-C5(||a|li,oo,llV'l|2,oo,a)|V,¥>|3. (3.33) 

Summing up, from p.30p - p.33p . we get the following estimate from below for 
3iiw): 

3i{w) >{ [ialap - C5{\\a\\i,ooAm2,oo,a)] A^ 

- (^4(||a||oo, ||div&||oo,a,7')A^ - (^i(||a||2,oo, HV'lla 

r)A3/2 

-C3(||div&||oo,P,a,T)A}ji(«;) 
- (c^2(||a||i,oo,||^||2,oo,a)A + Ci(|la|l2,oo,|l^ll3,oo,P,a,T)Ai/2 

+ ^||a||oo||div6||ooj32(w). 
Step 4: estimate of W-C^i ^w\\2- Using the inequalities 



(3.34) 



(div^(aV^u;))^ ^[^'Ix^ + \{Dt^ + Xa\\J ^Lp\'^)i 



|4„,,2 



(cf. (jXT^ l. iVa;-^! > 4/9ar"2 (.^vhich follows from and the first inequality in 

we can infer that 



paX 



II'^^a'^112 > / A ^|Vi,(/7| ^ {divx{a'Vxw))^ dtdxdy 



Qt 
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- [4\\a\\l,X^ + Ce{\moo,P,a,T)Xpi{w). (3.35) 

Now we want to show that the integral term in (j3.35l) can be estimated from below 
by a positive constant times 32{w) minus some terms which can be controlled by 
means oi32{w) and the good term in 02 (w)- For this purpose, we begin by observing 
that an integration by parts yields 

/ a\Wxifi\\Wa:w\'^dtdxdy ^p^/^X \Wa:(p\{aWa:w) -W^wdtdxdy 
Jqt Jqt 

= — p^/^A / \'\/ xip\w d\Y x{a^ xw)dtdxdy 
Jqt 

Vx{w )dtdxdy 

^ JQt 
= — p^^^X I \\J x'^\w dhr x{aSJ xw)dtdxdy 

+ ]-p^'^X / w^div:,[aV:,(|V:,v'|)]dMxd2/. 
^ Jqt 

Since 

p^'^X\^xV\\wdwx{aS/xw)\ = {X\Wx^\)-^'''\dwx{aWxw)\p"\X\^xV\f'^\M 



- -^^>^'^\^ x<4^\'^[d\vx{aV xw)f + epX^\V x'4^\^w'^ , 



for any e > 0, we get 
P 



^/^A / a\VxV\\Vxw\'^dtdxdy 
Jqt 



/ X~'^\V x'p\~^[d\Vx{aV xw)Ydtdxdy + p£X^3i{w) 
4£ Jqt 

+ -P^''^X / w^diYx[aVx{\'^xV\)]dtdxdy 

^ JQt 

or, equivalently, 

/ X^^\Vx<p\~^[d:YVx{aSIxw)]^dtdxdy 
Jqt 

>Aeaop^/^X32{w) - 4e^pX^3i{w) - 2ep^^^X / w^divx[aVx{\yxV\)]dtdxdy. 

Jqt 

(3.36) 

Using the second estimates in p.6p and p.7p we can estimate 

|div,[aV,(|V,(^|)]| < C7(||a||i,oo,||^||3,oo,a,T)|V,(/pp. (3.37) 
Replacing p.36p and p.37p into p.35p and assuming that 

1^ > 1, (3.38) 
implying T'^ / [paX) < 1 since p > 1, we get 

W'^txMll >4.eaop'^^X32iw)~ [Ae^pX"" + AX^'Ml, + eCsi\\a\\i,ooAm3,o.,a,T)X 

+ Ce{m^,P,a,T)x\3i{w). (3.39) 

Step 5: the final step. Under condition p.38p , from formula p. 251) and estimates 
and (jX^ we obtain 



II^A^i'll^ > [4(a^« - e')p - Csdlalli^oo, IIV^IU.co, a) - 4||a||^J A^ 
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C4(||a||cx), ||div5| T)A2-Ci(|| ||^||3,oo,P,a,T)A3/2 
C3(||div6|U,P,«,T)A-eC8(||a||i,oo,||V'l|3,oo,a,r)A 



2,007 ' 



- C'i(||a||2,oo, llV'lU.ocP, a,7')A^/^ - ^||a||oo||div6||oo |j2(w). 
First we fix e'^ ~ a^aj^ and get 

II^A^II^ >{ [2a2ap-C5(||a||i,oo,||V'l|2,oo,a)-4||a||y A^ 

- C4(||a||oo, ||div6||oo,a,T)A2 - Ci(||a||2,oo, Uh,oo, p,a,T)\^^'' 



C3(||div6||oo,p, a,T)A - °" ^" Csdjall 1^00, HV'lls.oo, a, 7')A 



V2 



C6(||^||oc,P,a,T)A|jiH 



2aay/2-C2(||a||i.oo,||V'||2.co,«) 

2^2 > 

- ^1(110112, 00, ||V^||3,oo,P, a,7')A^''^ - — ||a||oo||div6||oo p2(w). 

We now choose p = po so as to satisfy tlie inequalities 
P> 1, 

2agap-C5(||a||i,oo,||V'l|2,oo,a)-4||a||^ > 1, 

V2^ay/^ ~ C2i\\a\\i,ooAm2.oo,a) > 1. 

Corresponding to po we determine Aq such that the following inequalities are satis- 
fied for all A > Aq: 

f A3 - Ci{\\a\U ||div6||oo,a,T)A2 - Ci(||a|l2,oo, U^oo, Po, c.,T)X^/^ 

-C3(||div6||oo,Po,a,r)A - °°^ C8(||a|| 1,00, ||-0||3,oo, a, r)A 

1 ^ 

-C6(||V||oo,Po,a,T)A> -A^, 

2A- Ci(||a||2,oo, ||V'l|3,oo,Po,Q:,r)A^/^ - — ||a||oo||div&||oo > xA, 

4a 8 



y2 



A > 

a 

Consequently, for all A > Aq we deduce the estimate 

^ (^\M^xVpo\\^.wJ^ + X^W^ipJ^^wl^ dtdxdy < 2\\L^wJ\l 

where, from now on, we write the dependence of ip and w on po. 

We can now come back to our original solution v using formula p. 101) . Observe 
that 



> 



|Va:((5pn||Va;WpoP dtdxdy 

I iV^./.pJlV^wpe^^'^™ <itdxdy + f |V,(pp„ p„2g2Acp,„ ^^^^^^ 
Jqt Jqt 
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-4 



"'Qr "'Qt 

where we used the inequahty \^5\ < 7^/4 + 6^ which holds for any 7,(5 G M. 
Consequently, owing to p.lip . we get 

<2 / |Towpe2^'^™dMa;dy. 
The Carleman estimate (13.81) now follows at once. □ 



4. A CONTINUOUS DEPENDENCE RESULT FOR THE ILL-POSED PROBLEM (|2.ip 

Introduce now the family of functions <t^ e W^'°°{{0,T)), e e (0,1/2), defined 

by 

0, te[0,eT], 
a,(t) = <; i_^L^ te{eT,2eT), (4-1) 

1, te[2er,T]. 

Introduce also the function = a^v, where v is the solution to problem (12.21) . It 
is a simple task to show that G H^{{0,T); Ll{n x 0)) n ^^((O, T); x 0)) 

solves the following initial and boundary- value problem: 

DtVe{t, X, y) = dWx{a{x)WxVe{t, x, y)) + c{x, y) ■ V xVe{t, x, y) + a'^{t)v{x, y) 
+b{y) ■WyVe{t,x,y) + bo{x,y)ve{t,x,y)+ge{t,x,y), 

{t,x,y) e Qt, 

vS,x,y)^Q, it,x,y)€ [0,T] x d,{n x 0), 

D^vS, X. V) = 0, (t, X, y) e [0, T] X r X 0, 

[ i;,(0,x,y) = 0, (a;,y)er!xO, 

where = crgg. Multiplying the differential equation by 2i^ and integrating once 
by parts over x we obtain the identity 



DtVe(t,x,y)v^{t,x,y)AxAy ^ \ a{x)\^ ^v^{t,x,y)\ AxAy 

SlxO JOxO 



Ve{i,'x,y){c{x,y) ■ Vx:Ve{t,x,y))dxdy 

SlxO 



ve{t, X, y){b{y) ■ VyV,{t, x, y))dxAy 



+ / bQ{x)\ve{t,x,y)\ dxdy-H / g^{t,x,y)ve(t,x,y) dxdy 
Jnxo Jnxo 



<j'^{t)v{t, X, y)ve{t, X, y) dxdy, 

OxO 

for any t e (0, T). Taking the real part of both the sides of the previous equality 
and observing that 

Re ( / DtVe{t,x,y)ve{t,x,y)dxdy]^l-Dt \v^{t,x,y)\'^dxdy 
\Jnxo I ^ Jnxo 
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and 



Re ( / Veit,x,y){b{y) ■\'yVs{t,x,y))dxdy 
Inxo 



h{y) ■ Re{veit,x,y)VyVe{t,x,y))dxdy 



nxo 



b{y) ■ Vy\v^{t,x,y)\'^dxdy 

OxO 



{divb{y))\ve{t,x,y)\ dxdy, 



we get 



^OIL^mxO) +2 / a{x)\V^v^{t,x,y)\ dxdy 
Jnxo 



Ve{t, X, y){c{x, y) ■ VxVe{t, x, y))dxdy 
nxo 



{div b{y))\ve{t,x,y)\'^dxdy 



SlxO 



bo{x)\veit,x,y)\ dxdy + 2 / g^(t,x,y)veit,x,y) dxdy 
nxo Jnxo 



a'^{t)v{t, X, y)ve{t, X, y) dxdy, 

nxo 

for any t e (0,T). Therefore, using the elementary inequality 

2|tJ7(c • V,We)| < 2\\c\\ooW\\V xv,\ < aQ^\\c\\l^\v,\^ + aa\W,v,\^, 
ao being the positive constant in Hypothesis I2.1f i') , we can estimate 

Dtheit, •, ^^^(OxO) + a-oW'^xVeit, •, •)llig(nxO) 
< (||div6||oo + flo '||c||L + 2||feo||oo) WVeit, •, •)llig(nxO) 

(4.2) 

We now fix r € (0,T] and integrate (I4.2p with respect to t over (0,t). Taking 
(|4.ip into account, we obtain 

Ze(r) : = ||«e(T,-,-)llig(flxO) +«0||V^Ve|li2(Q^) 



<(||divfe||oe + ao"'||c||L + 2||&o||oo) \Mt,;-)\\li^nxO)^t 

«(^rr)llig(oxO)dt- (4.3) 



2 



IsT 

The Carleman estimate p.8p yields the inequality 



lk(i'-)llig(oxO)dt<Mi(e,T)||g||i.(Q^), (4.4) 



OO 1 1 1 L-l I OO 1 



where the constant Mi{e,T) depends also on oq, ||a||2,oo, H^olloo, ||div6| 
ll'/'lU.oo and a. 

From (|4.3p and (j4.4p we obtain the following integral inequality for function z^: 



Ze{r)<f3 j z,{t)dt + 2 J \mrr)\\LiinxoMt)'/^dt + M2{e,T)\\g\\h^^Q^), 

(4.5) 
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for any r G (0,T], where /3 ^ ||div6||oo + 2aQ ^||c||^ + 2||6o||oo. Then, we need [1 
Theorem 4.9], with p — 1/2, which we report here as a lemma. 

Lemma 4.1. Let z ; [0,T] — > M 6e a nonnegative continuous function and let 
b,k G L^{{0,T)) be nonnegative functions satisfying 



z{t)<l+ I b{s)z{s)ds+ k{s)z{s)Pds, te[0,T], 
Jo ^0 

where p G (0, 1) and 7 > are given constants. Then, for all t G [0,r] 

zit) < exp bis) ds^ ^^^^^^ Jo (}^ lo ^^"^^ ^'^) 

From this lemma and (14.51) we deduce the fundamental estimate holding true for 
all T e [o,r]: 

z,{t) =||t;e(r, •, OIliKoxO) + «oll V:,w,|1^_2(q^^ 



<2M2(£,r)||g||2,(Q^)e'^^ + 2( [ c^(^-^)/^||5(5, •)llLg(OxO) 
<2(Af2(£,r) + r')ll5lli2(Q^) 



for any r G [0,r]. In particular, for all r £ [2eT,T] we find the following estimate 
for V, where we have set Q(2eT, r) = (2er, r) x x 0: 

■)llig(oxO) + «o|| V.H|ig(Q(,,^_,)) < 2[M,{s, T) + /3-1] ||5llig(Q.)e'^^ 

(4.6) 

for any r G [0,T]. Recalling that the solution u to problem (j2.ip is related to v by 
the formula u = v + h, from (j4.6p we immediately deduce the estimate for u: 

\H^' ■)\\ll{nxO) + «0|lV^u|||2(Q(2eT,r)) 

<2|IMr, ■)\\h^^n.o) + 2«o|l V./i|li.(Q(2eT,.)) + 4[M2(e, T) + /J-^] Ml^Qy^ 

(4.7) 

for any r G [2eT,T]. Now, taking advantage of definition (j2.3p . we can estimate 

||ff|li2(Q^) < 6||g||i2(Q^) +6||A/i|li2(Q^) +6||div,(aV,/i)||^g(Q^) 

+ 6||c||^||Va;ft.|||2(Q^-| + 6||6 • Vj^ft.|||2(Q^) + 6||6o||^||ft.||^2(Q^). (4.8) 

Finally, (|4.7p and (|4.8p yield the following continuous dependence estimate for all 
T G [2eT,r]: 

Ollig^ixO) + «0||V:rM|li2(Q(2,T.r)) 

<^^3(e,T){||g||^2(Q^) + ||/^||?fi((o,T):Lg(OxO)) + l|divx(aV:r/^)|li2(Q^) 

+ ll^-V,/i|li2(Q,) + ||V,/i||i2(Q^)}, (4.9) 

where the positive constant Afa depends also on ao, ||a||2,oo, ||^o||cxj, ||div&||oo, ||c||oc, 
ll^lls.oo and a. 

We have so proved the following continuous dependence result: 

Theorem 4.2. Under Hvvotheses \2.1\ the solution u to problem (|2.ip satisfies the 
continuous dependence estimate (|4.9p . 
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5. Some extensions of our main results 

In this section we show that the vahdity of Theorem 14.21 can be extended both 
to some classes of degenerate integrodifferential boundary problems and to some 
classes of semilinear problems. 

5.1. A degenerate convolution integrodifferential problem. Here we con- 
sider a convolution integrodifferential problem with no initial conditions, and with 
Cauchy data on the lateral boundary of the cylinder fl x R^. We still assume that 
i7 is a bounded subset of with a boundary of class C^. 

Let A be the following degenerate integrodifferential linear operator 

Az{x, y) ^d:w^{a{x)Vxz{x, y)) + By ■ Vyz{x, y) + (3i{x) ■ Vxz{x, y) 
+ l3o{x)z{x,y) + / ki{x,y ~ rj) ■\/xz{x,ri)dr] 

ko{x,y- ri)z(x,T])dri. 

Consider the parabolic integrodifferential problem with no initial condition, but 
with Cauchy data on the boundary 

" Dtz{t, X, y) = Az{t, x, y) + /(t, x, y), (t, x, y) e (0, T) x x M^, 

z{t, X, y) = hit, X, y), (t, x, y) G [0, T] x 917 x K^, (5.1) 

D^z{t, X, y) = DMt, X, y), (i, x, y) G [0, T] x T x M^, 
where F is an open subset of 951 and 

Hypothesis 5.1. The following conditions are satisfied: 

(i) a £ 14^^'°° (f2) and there exists a positive constant oq such that |a(a::)| > ag for 
any x G il; 

(ii) B is a real [N x N) -square matrix; 

(iii) e L^{n); 

(iv) A G {L°°{njf'; 

(v) fcoGL°°(17;Li(M^)); 

(vi) ki G L°°(0;Ll(]R^))*^• 

(vii) / G L^iQr); 

(viii) h G H^iiO,T);L'^{n x O j) n L'^{{0,T);3{'^{n x 0)). 

Denote by 3^y the Fourier transform with respect to the variable y. As it is easily 
seen, function u — JyZ solves the ill-posed problem 

Dtu(t, X, rf) ~ dYVj:{a{x)Vxu{t, x, 77)) + c{x, rj) ■ Vxu{t, x, rf) 
+B'^T] ■ Wr,u{t, X, rj) + 6o(x, ■r])u(t, x, 77) = {3'yf){t, x, 77), 

{t,x,r]) G (0,T) X X R^, 

u{t, X, rf) = {3'yh){t, x, 77), [t, X, 77) G [0, T] x dQ x R^, 

DMt, X, ri) = {3^yD^h){t, X, ri), (t, x, 7]) G [0, T] x F x R^, 

where c : f7 x R^ ^ C*^ and /3o : x R^ ^ C are defined by 

c(2:,77) = -I3i{x) - {J'yki){x,r]), bo{x,ri) = Tr(B) - /3o{x) - {JykQ){x,T]), 

for any x E and 77 G R^. By Thcorcm l4.2l u satisfies the continuous dependence 
estimate 

■)lli2(OxO) + "o||Va;U|||2(Q(2eT,T)) 

<M(e,T)|||:Fj,/||^2(Q^) + ||^fy/j|lHi((o,T);L2(oxO)) + lldiv:r(aV^3'y/i)|li2(Q^) 
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+ \\B^v ■ V,J,/i||i.(Q,) + \\^.3^yh\\l.^Q^^}, (5.2) 
for all e G (0, 1/4), r G [2eT, T] and some positive constant M(e, T), depending also 

on ao, ||a||2,oo, \\B\\, ||^o|!oo, ||/?l||oo, IIV'lls^oo, ||^o||L~(n;Li(R")), l|fcl||L-(n;Li(B"))M 

and a. 

Using the Parseval identity and observing that V^; commutes with S'y and that 
ippQ is independent of 77, from (j5.2p we deduce that z satisfies 

W^i^i ')\\l^{nxO) + "-oil Va;Z||^2(Q(2eT,T)) 

<Af(e,T)|||/||2,(Q^^ + ll^llffi((o,T);L2(axO)) + l|div^(aV:./i)||i2(Q^) 

+ \\By V,/i||i2(Q,) + ||V,/i||i2(Q^)}, (5.3) 

for all e G (0, 1/4) and r G [2eT,T]. 

We have proved the following continuous dependence result: 

Theorem 5.2. Let Hypotheses 15.11 be satisfied. Then, the solution z to problem 
(|5.ip satisfies the continuous dependence estimate (j5.3p . In particular, i/(/3oj /3i, /; ^i) = 
(0,0,0,0), then z — in Qt, i-e., the unique continuation property holds true. 

5.2. A semilinear parabolic equation. We now consider the following semilin- 
ear boundary value problem 

Dtu{t, X, y) = diVa;(a(x)V:rM(t, y)) + b{y) ■ Vyu{t, x, y) 
+q{u{t, X, y), Vxu{t, X, y)) + g{t, x, y), 
i (i,a;,y) G [0,T] X X =: Qt, 

u{t,x,y)^h{t,x,y), {t,x,y)e [0,T] x d,{n x 0), 

D,u{t, X, y) = D,h{t, X, y), (t, x, y) G [0, T] x T x 0. 

(5.4) 

where f2 and a and h are as in the previous sections (see HvD0thesis l2.ip . whereas 
function q satisfies the following condition 

Hypothesis 5.3. q : C"+^ C is a Lipschitz- continuous function with a Lipschitz 
constant k. 

Theorem 5.4. Letuj G -^^((0, T); i^(17 x O))nL2((0, T); J{^(17 x 0)) be a solution 
to problem (j5.4l) corresponding to {g,h) = {gj,hj), j = 1,2. Then, for any e G 
(0, 1/2), there exists a positive constant C — C{e,T) such that 

\\u2iT, •, •) - Wi(t, •, •)lli2(f2xO) + «o||Va;U2 - V:rUl|li2(Q(2eT,r)) 

<c|||g2 - 5i|li2(Q^) + \\h2 - /ii||?/i((o,T);Lg(JixO)) + \\dwx{aV:,h2 - aV^/ii)||^2(Q^) 

+ II& • Vyh2 - b ■ VyhlWl^^Q^^ + \\Vxh2 - V,ftl||i2(Q^)}, (5.5) 

for any r G [2eT, T] . 

Proof. The proof follows adapting the arguments in Sections [3] and 2] Hence, we 
just point out the difi^erences. 
Note that, if we set 

5'(u) = Dtu - div^(aVa;w) - b ■ VyU ~ q{u, V ^u) =: Taiu) - q{u, S/^u), 

we can rewrite the differential equation in (15. 4p in the much more compact form: 
?u = g. 

First we perform the translations Vj — Uj — hj, j = 1,2, and observe that the 
function v — V2 — vi solves problem (|5.4p with q{v, V^jf ) and {g, h) being replaced. 
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respectively, by Q{vi,V2) and (32 ^ 31,0), where 

Q{vi,V2) = qiv2 + h2,VxV2 + ^xh2) - q{vi + hi,VxVi + ^ xhi) (5.6) 

and 

gj = g - Dthj + diVxiaVxhj) + b -Vyhj, j = l,2. (5.7) 

Moreover, 

y{v)^yo{v)-Q{vi,V2). (5.8) 
Since g is a Lipschitz continuous function in C""*"^, we can estimate (pointwise) 

\Q{V1,V2)\ < hg{\v2 - Vi\ + |V,(V2 ~ Vi)\) + hg{\h2 - hi\ + |V,(/l2 " hi)\) . (5.9) 

From the Carleman estimate in Theorem 13.51 (jS.Sp and (j5.9p . we can infer that v 
satisfies the following integral inequality for all A > Aq: 

/ (A| V,(^p„ I \Vxv\^ + X^\VxVp, |3|«|2)e2^'^po dtdxdy 
Jqt 



<— / \yov\^e^^'^''° dtdxdy 

Iqt 



3 



/ \J>(v2)-'J'ivi)\^e^^'^'-o dtdxdy 



Qi 
160 
~3" 



-k" / [\V2 -vi\^ + |V,(V2 - t;i)P]e2^'^™ dtdxdy 

+ / [\{h2 - h,)\^ + \Vx{h2 - h,)\^]e'^^^o Atdxdy 

3 

<^ / \y{v2) -y{vi)\^e''^^-o dtdxdy 

\VxVpo?\{v2-vi){t,x,y)\^ 



160 n 



{-) 



H |Va;(y9pJ|V:r(u2 - Wl) 



/ [\{h2 - hi)\^ + \Vx{h2 - hi)\^]e''^^^o dtdxdy. 
Jqt 



160 

Whence we deduce the Carleman estimate for v 



(A|V,(^pJ|V,(i;2 -«i)|' + A^lV^^pJ^i^^ _^^|2^g2A^,„ dMa:dy 
< ^ / l^^M - y(i;i)|2e2^^po dMxdy, 



3 

320 



Qt 

2 



/ [\h2 - + \Wx{h2 - /lOne^^'^-o dMxdy, 
Jqt 



320 nV^^ e 320 , £ 



if we choose 

A > max< Ao, ( I — , ^k^ — 

[ V 3 / apo 3 apoj 

Now, we are almost done. Indeed, arguing as in the proof of (|4.2p we can show 
that 

Dt\\Ve{t, •, WLlinxO) + aoW'^xVeit, •, WLlinxO) 
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<||div&||oo||we(i,-,-)|lL2(f^xO) +«o ^ / ae{t)\Q{vi,V2)\\v^\dxAy 
^ Jnxo 

+ 2|a:(t)|||i;(t,.,.)lli2(oxO): 

for any t G (0, T), where g^-^e = Cegj {j — 1, 2) and cr^ is given by (|4.1|) . Since q is 
Lipschitz continuous, we can estimate 

\Ve\\(7eQ{vi,V2)\ < Kj-Wep + K|i;e||V^Uj| + K\v^\\h2 - hi\ + K\Ve\V ~ V xhi\ 

< 2fi\v^f + K\VxV,f + K\h2 -hif + k|Vx/i2 - Va;/li|^ (5.10) 

and, consequently, 

Dt\\ve{t, •, -WLiinxo) + aoW'^xVeit, •, Olligcnxo) 

<||div&||oo||We(i, •, •)lli2(f2xO) + Vll^eli, •)lli2(f2xO) 

+ flg ^K||V:^,w(i, •, OIlLKfJxo) + ^«ll^2(i, •, •) - hi{t, •, ^^^(nxo) 

+ ^aQ^K\\Wa;h2{t, •, •) - Wxhi{t, •, OIlLglJ^xO) 

+ 2||g2,£(i, ■, ■) - gi,e{t, ■, ■)llLg(OxO)lke(*7 ^^^(OxO) 

+ 2|<(t)|||z;(i,.,.)||i2(,,,o). 



From (jS.lOp . reasoning as in the previous section, we easily deduce the desired 
continuity estimates (j4.6p for u, where g = 52 — 5i- 

Now, the proof follows the same lines as the proof of Theorem 14.21 and yields 
(153)1 . □ 
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